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COHOMOLOGY ALGEBRA OF PLANE CURVES, WEAK 
COMBINATORIAL TYPE, AND FORMALITY 

J.I. COGOLLUDO AGUSTIN AND D.MATEI 

Abstract. We determine an explicit presentation by generators and relations of the coho- 
f^^ ^ mology algebra H*{¥^ \C,C) of the complement to an algebraic curve C in the complex 

C 2 ^ ' projective plane P'^ via the study of log-resolution logarithmic forms on P^. As a first con- 

Ch sequence, we derive that H*{¥'^ \C,C) depends only on the following data: the number of 

^ ' irreducible components of C together with their degrees and genera, the pairwise intersection 

O ' numbers of distinct local branches at the singular points of C, and, at each singular point, the 

\^ • incidence relations between the local branches and the global irreducible components passing 

through it. A further corollary is that the twisted cohomology jumping loci of //*(P^ \ C,C) 
containing the trivial character also depend on the same data. We relate, in this context, 
the geometric and combinatorial properties of the curve C through the notion of combinato- 
rial pencil. This notion will be used to derive a combinatorial version of the Max-Nocther 
Theorem. Finally, we find that the relations in the cohomology algebra are in fact satisfied, 
■^r ■ for appropriate choices of representatives, at the level of differential forms, concluding that 

(_; I H* {p2 \ c, C ) is a formal space. 

-)— » 



1. Introduction 

The combinatorial type K{C) of a complex projective curve C C P^ consists of the following 

Q.^ I list of data: the set of irreducible components Ci,. . . ,Cr of C together with their degrees d := 

{di, . . . , dr), the set of singular points Sing(C) of C together with their topological types S(C), 

and, at each singular point P, the correspondence (t>p between the local branches Ap and the 

1^^^ ■ global irreducible components. 

f^ , The topological type E(C)p of the singular point P determines the pairwise intersection 

numbers between distinct branches in Ap. Also S(C) together with the degrees d determine the 

i>j " genera g{C) — {gi, . . . , gr) of the irreducible components of C. If we replace in K{C) the set S(C) 

}_( ' by all these intersection numbers and g, we obtain a new list Wq — {W, d,g) which we call the 

weak combinatorial type of C. 

Note that the combinatorial type of C determines the abstract topology of C itself. That is 
not the case for the topology of the embedding C C P^, as shown by Zariski's classical work 
where he showed that the fundamental group 7ri(P^ \ C) is not determined by K{C). 

In this paper we will be concerned with the conection between the combinatorics of C and the 
topology of its complement ^c = P^ \ C. The focus will be the cohomology algebra H*{Sc,C ) 
of C with complex coefficients. It is not hard to see that the Betti numbers of Sc depend only 
on the number, degrees and genera of the irreducible components of C. 
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In a recent work by the first author it is proved that H*{Sc,'C ) depends only on Wc in the 
case when C is an arrangement of rational curves. Here we extend that result to arbitrary curves 
by showing that H*{Sc,'C ) depends only on the weak combinatorial type Wc- 

The result follows from an explicit presentation of the cohomology algebra H*(Sc,C) which 
is obtained by means of the Poincare residue operators of [TH [TS] . For other interesting attempts 
to describe a presentation of H*{Sc,C) via differential forms see pT] . 

Fix a resolution tt : 5 — >• P^ of the singularities of C in P^ such that C, the reduced tt*C, is a 
simple normal crossing divisor in S. Denote by C'*^' , k — 0,1,2 the disjoint union of codimension 
k intersections of components of C. Let ^Rm be the residue operator on WJ, , the weight 
filtration in the sheaf of logarithmic forms on Cl'"! with respect to divisor c[™+i]. A crucial 
fact is that these filtrations are compatible with the exterior differential d and that the quotient 
residues ^Rm defined on W^ lW^_-y induce isomorphisms in d-cohomology. In particular, for 



fc = 1,2 one has the residue operators i?''"' = *'^o taking the weight filtration Wk = W^ 



k 

on the logarithmic forms on S with respect to the divisor C (denoted by ^^(log(C))) into the 
differential forms AQ[h] = Wq . Now passing to d-cohomology in the exact sequence of complexes 
-^ Wi-i -^ Wi -^ Wi/Wi-i — > 0, and using the resolution tt and deRham isomorphisms, we 
can construct from the coboundary maps the following residue maps: 

ResW : H\Sc, C ) ^ H"{C^'^), i = 1, 2. 

These allow us to capture the cohomology groups we are interested in H^{Sc,C),i — 1,2. 

First of aU, Res'^' : H^{Sc,C) -^ H°{C^^'i) turns out to be an injection. Then a basis 
for H^{Sc,'C) can be chosen to be the cohomology classes of the logarithmic 1-forms Ci = 
d(log -%-), !<?<?', where Ci are the irreducible components of C and Cq is a transversal line 
at infinity. This condition is not strictly necessary, but we use it for technical reasons. For a 
general description see Remark 13.321 

The map Res^^^ : i/^(S'c,C) -^ i/°(Ct^l) will not be an injection in general, unless all the 
components of C are rational. Nevertheless we can find a decomposition of i/^(S'c,C) of the 
form Ec © Kc © Kc, where kerRes'^' — Kc © Kq, with Kc a g-dimensional vector space of 
classes of holomorphic 2-forms of weight 1 such that ^RqKc exhausts the holomorphic 1-forms 
on C^^l, and Kc is the conjugate of Kc- Note that Kc will necessarily consist of classes having 
non-holomorphic representatives. Now Ec is a vector space generated by the classes of certain 
log-resolution logarithmic 2-forms which are constructed by the same method employed in [5] 
for the rational arrangements case. The basic ingredients are logarithmic ideals associated with 
the resolution trees appearing in the construction of tt, and ideal sheaves associated to pairs of 
branches at the singular points of C. The choice of the log-resolution logarithmic 2-forms is done 
by imposing appropriate Res' ' normalizing conditions. 

The important feature of the decomposition H'^{Sc,'C) — Ec ® Kc © Kc is that the cup 
products H^{Sc,^) U H^{Sc,'C) of 1-classes land in Ec- Moreover, by a residue computation 
we determine the map H^{Sc,'C)UH^{Sc,C) -^ Ec on the constructed generators and see that 
it depends only on the degrees of the components of C and the intersection numbers of the local 
branches at the singular points of C. By another residue computation we determine the relations 
among the generators of Ec- Finally, adding the trivial relations H^{Sc,'C ) U H^{Sc, C ) = we 
obtain a presentation for the cohomology algebra H*{Sc, C ). 
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If in choosing the 2-fornis in Ec we also impose appropriate Res' ' normalizing conditions, 
then the relations in H^{Sc,C )UH-^{Sc, C) = Ec will be satisfied at the differential forms level. 
We thus obtain an analogue of the Brieskorn lemma in the theory of hyperplane arrangements, 
thereby obtaining an embedding of the algebra of differential forms on Sc into the cohomology 
algebra H* {Sc , C ) . This immediately implies the formality of Sc ■ 

Once the cohomology algebra H*{Sc,C) is determined we explore a tower of invariants as- 
sociated to it, known as the resonance varieties of Sc- These are the cohomology jumping loci 
TZi{C) of the multiplication in H*{Sc, C ) by a class of degree 1, and are subvarieties of the affine 
space i/^(S'c,C). As a consequence of our main result we obtain that the resonance varieties 
TZi{C) depend only on the weak combinatorial type Wc of the curve C. 

The resonance varieties TZi{C) are strongly related to the twisted cohomology jumping loci 
Si(C) of C, which stratify the torus of the rank 1 local systems on Sc by the dimension of the first 
twisted cohomology of Sc- In fact, it follows from [5], that TZi{C) is isomorphic to the tangent 
cone to Si(C) at the trivial character 1. In order to generalize the description from [T3[53] of the 
irreducible components of Si(C) passing through 1 we generalize their notion of combinatorial 
pencil from line arrangements to general curves. 

2. Settings 

2.1. C°° log complex of quasi-projective algebraic varieties. The aim of this section is 
to present an appropriate setting for the study of the cohomology ring of the complement to 
plane algebraic curves. This includes definitions and basic properties of logarithmic sheaves and 
the definition of a very useful operator on these sheaves: the Poincare residue operator. Most 
definitions and results in this section follow from [15, Chapter 5]. 

Let X be a smooth, quasi-projective algebraic variety of dimension n over C and X be a 
smooth compactification of X- We will assume X to be a smooth projective variety such that 
X = X\I), where I? is a simple normal crossing divisor, that is, a union Vi U • • ■ U Vn of smooth 
divisors on X with normal crossings. The condition of normal crossing on P means that locally 
at P G X, the divisor V is given by 

{{Zl, . . . , Zn) I Zjj • . . . • Zj„^ = 0} = {(Zl, . . . , Z„) I Z/p = 0}, 

where Ip = {ii, . . . , ?„} C {1, . . . , n}. Each coordinate of Ip must correspond locally to a unique 
global component of V (since each component Vi is smooth). We will use a tilde as in Ip to 
indicate the ordered set of such subindices, that is, /p C {1, . . . , N}- 

Definition 2.1. Let A^ be the sheaf of C°° forms on X. Denote by A^ the sheaf of C°° 
functions on X- Note that A-x is a sheaf of graded algebras over A^- The sheaf of C°° log forms 
A-x{\og{T>)) can be defined locally at a point P e X as the graded algebra over {Aj^)p of C°° 
forms ^ e {Ax)p such that 

Zip (fi and zjp dip 

are C°° forms in {A-y)p- 

A form Lp onU (1 X shall be called logarithmic on U (with respect to V) if p E ^-jj-(log(I?))(C/). 

The sheaf A-Y{log{T>)) is a locally free and finitely generated .4^-algebra, as follows from 

Lemma 2.2 (_15, Lemma 5.7]). y^y(log(P)) (C/p) ^ A-Y{Up){^},eip 
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By definition, ^■^(log(I?)) is closed under the exterior derivation d. This lemma shows that 
it is in fact closed under the exterior product and generated by ^^(log(P}). 

In what follows, a weight filtration is defined in this sheaf of graded algebras that is compatible 
with the differential d. 

Definition 2.3. If ^ > we shall define the sheaf of C°° log forms of weight i as the subsheaf of 
yl;y(log(I))) given locally as the (^y)p-submodule of ^■y(log(I?))p of those forms (/3 such that 



I dp, ^ ^* J i&I 



Such a sheaf will be denoted by W^ :— Wi (^■^(log(r'))) . Otherwise, that is, if £ < 0, we will 
assume We ■— {0}. 



Remark 2.4. Note that Wg C VV^+i, dWe C Wi, and WeAWi' C Wi+t are obvious consequences 
of Definition 12.31 



Notations 2.5 

Let us ( 

of V, that is 



(1) Let us denote by D the disjoint union of codimcnsion k intersections of components 

/ 



|/|=fc 

where Vj = n^g/Pi. 

(2) There is an injection Dj ^^ X for each I?/ G P . Denoting by ik the corresponding 

[jt] 

map on V , one has the following sheaf on X 

\I\=k 

Definition 2.6. Under the notations above, the Poincare residue operator 

can be defined locally by 

where: 

i) ^^ denotes -^^ A • • • A ^^, and 

a) If / = {zi, . . . , ik} C {1, . . . , N}, then cr(/) := sign(ifc+i, . . . , jat, ii, . . . , i^), where ik+i < 
■ ■ ■ < iN are the ordered elements of {1, ... , N} \ I. 

Remark 2.7. Note that for any Vji and Vj with |/'| = k + 1 and |/| = k one can define a smooth 
divisor on T>j as follows: 

Vj I- := I ^^' ^^ ^ ^ ^' 
^' I otherwise 

Moreover, the union 

\r\=k+i 
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provides a simple normal crossing divisor in Vj C V . Hence V can be regarded as a disjoint 
union of smooth compact algebraic varieties, each component containing a divisor with normal 
crossings. Therefore one can consider the sheaf of C°° log forms on each smooth algebraic variety 
Vj with respect to T>j |^[fc+i], denoted by A-^^ilogCD )). 

Definition 2.8. By means of the inclusions Vj ^ X one can also define log sheaves on V 

relative to T) as subsheaves of the direct sum of log sheaves for each component satisfying 

certain compatibility relations. That is, 

^^„(log(^"+'')) C A^^{log{V^'+'^)), 

\I\=k 

defined by the following local condition. For any strings /i,/2,/(,/2 such that |/i| — \I^\ — ki, 
i = 1,2 and {/i +12} = {I'l + -^2}' ^^'^ foi' ^^Y P^^^ of forms 

e L4^ (log I? , and /3p 

one has 

(1) i-ir^^^^-ir^'^^^ap 1^^ = (-i)-(^")(-ir(^^^j)/3p i^ , , 

where li and I^ are defined as in l2. Gl and /+/' denotes juxtaposition of strings. For simplification 
this sheaf will be denoted by ^^(log(I?)) and its projection on Vj (for |/| = k) by A^. j{\og{V)). 

There also exists an obvious weight filtration on Ak{iog{'D}), denoted by WJ . Note that 
WP = We{A-xi\og{V))) and W^^^ = A-^ik]. The compatibihty relations described in (P) allow 
for a generalization of the Poincare residue operator to all the log sheaves relative to V, namely 

(2) ^i^WiW^l-^wtt'l. 

In order to give a local description of ^Rm let us consider a point P ^ X and a form if G 
{Al{log{D)))p . Let us denote by f^i^l^V) the coordinate oi'^Rl% on ^*:;^^(log(P))p, where 
|/| = ni + k. In order to calculate this coordinate take two disjoint strings /i and I2 such that 
|/i| = m, and Vj = {zj-^zj^ = 0} -and hence I/2I = k. The form ip can be written as 

a^e(^^,,,(log(P)))^. 

Thus one can define 

{^Rl^^)^:={-ir('^\^ir^^^a\^^. 

Again by H]) the definition of (^Rmipj does not depend on the choice of h and l2- 

The main result about these generalized residue maps, which will be intensively used through- 
out the paper, is the following 

Ttieorem 2.9 ([15( Theorem 5.15] and [51 Theorem 1.28]). Any generalized residue mapping 

Rin-i^l l^l~\ ) ^\^l-h l^l-^k-l ) 

on the complex of global sections induces an isomorphism on d-cohomology. Moreover, 

i~ki n[fe2] e p[fei] _ e n[fei+fc2l 

-^'■m+ki -'hn ~ ^hn 



6 J.I.COGOLLUDO AGUSTIN AND D.MATEI 

2.2. The spaces H^{¥'^ \ C;C) and the residue maps. As a general setting, let S* be a 
smooth compact surface, C <Z S a, reduced divisor. Let us denote by Sc the complement of C 
in S. Consider a resolution tt : 5c -^ ^ of C in S* such that Sc is a compactification of Sq by 
a simple normal crossing divisor, and let C be the reduced structure of 7r*C. Note that Sq is 
isomorphic to Sc\C via tt. 



Definition 2.10. A log-resolution logarithmic form on C at P £ 5 is a differential form Lp e 
{A*s^)p such that ■n*(if>)p G A*{\og(fi))p, that is, tt^^J^, which will be denoted by A^°^(C). 

Remark 2.11. Consider C <Z S a. simple normal crossing divisor, P E S, and (p G A*{\og{C))p 
a differential logarithmic form. Denote hy tt : S ^ S the blow-up of P in S. Note that TT*ip is 
also a logarithmic form on tt^^C at any point Q G 7r~^(P). This, together with the fact that 
any two sequences of blow-ups of S are dominated by a third one, implies that the notion of 
log-resolution logarithmic form on C is independent of the given embedded resolution of C. 

Note that Ag^{C) C AsiC), where AsiC) is the classical sheaf of logarithmic differential forms 
on C locally defined as 

{AsiC))p := {if 6 {A*s,)p I Cpip e (^IJp, Cpdif e {A^Jp}, 

where Cp is a reduced equation of C at P. 

In fact Ag^{C) is the biggest subsheaf of AsiC) that is stable under blow-ups. Moreover, by 

^s 



Lemma \T% Ag^{C){Sc) is always a free module. 



Construction 2.12. Let C C P^ be an algebraic curve with irreducible components Co,Ci, . . . ,Cr 
and let us fix tt : Sc — > P^ a resolution of the singularities of C so that the reduced divisor 
C — (7r*(C))i.cd is a simple normal crossing divisor on Sc as described in section [27T] 

Consider the following short exact sequence of complexes -^ Wi^i ^ Wi ^ Wi/Wi-i — > 
where Wi denotes the complex (W^ *A-g (log(C)), d). Let us consider its corresponding long 
exact sequence of d-cohomology 

(3) . . . ^ H''"\WjW,.i) ^ H'^iW,-,) ^ H'^iW,) ^ H'^iW^/W^-i) ^ F'=+1(W^,_i) ^ . . . 

By the de Rham Theorem and Theorem 12.91 one can define the residue map Res'*' as the 
composition of the following: 

(4) W{P^;Tr,W.f^H\Sc;C f^'w(Sc;C f^H\Sc.. W,)^W(Sc,WjW^-if^ H''(C^'^;C ) 
Proposition 2.13 ((SJ Proposition 2.2]). Let C be an algebraic plane curve, then 

H'^{Sc;C)'^Hi{C;C), and H\Sc;C) = H2{C;C)/C . 

Notation 2.14. Let y be a topological space. In what follows we will denote by hi{Y) (resp. 
h^{Y)) the dimension of the vector space Hi{Y; C ) (resp. H^{Y; C )). Note that, by the Universal 
Coefficient Theorem, h,{Y) ^ h'{Y). 

One has the following result. 

Proposition 2.15. The first residue map H^{Sc) -^ H'^{C ) as defined in Construction \2. 1^ 
is injective. On the other hand 

ker (ij2(5c)^2!l''ff0(^[2])^ ^ H\F^;tt,Wi) - C^^, 

where g — X]i=iff(^*) ^^ ^^^ ■^^"^ of the genera of the irreducible components ofC. 
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Proof. The injectivity of Res^^' follows immediately from ^ for the case i — k ~ 1, and 
H^{Wo,d) — 0. Let us consider now ^ for k — 2, i — 1. 

(5) 
H^Wo) -^ H\Wi) -> H\Wi/Wa) -^ H^{Wq) -^ H^{Wi) -^ H^{Wi/Wq) -> H^{Wa) 

\\_ II [ 1^ l[ 1^ 

H^iSc) H^{Sc) H°{C^'^) H^(Sc) H\C^'^) H^(Sc) 

II II II II II II 

C £r+e+l ^e+1 £2g q 

where e is the number of exceptional components in the resolution of C. The equalities on the 
second column are a consequence of de Rham and Proposition ! 2 . 1 3l The others are a consequence 
of H''{Wo) = H'^i'Sc), de Rham, and Theorem [2H 

Computing the Euler characteristic of this long exact sequence one obtains that H^{Wi, d) ~ 
C ^^ and therefore, using ^ for the case i = k = 2 one obtains 

which proves that ker {H^{Scf'°i^^ H°(C^'^'^)\ = H^(Sc; Wi) = C^s. Finally, by the Leray spec- 
tral sequence, since all these sheaves are flasque, one has the projection formula H'^{Sc', Wi) = 

2.3. Classical combinatorics. In this paragraph we just want to give a general outline on the 
classical concept of combinatorial type of a curve. This concept is generally accepted and used, 
but is seldom explicitely defined. In [2] there is a detailed explanation on the matter. For the 
sake of completeness, we summarize the main ideas. 

Definition 2.16. Let C C P^ be a plane projective curve. The combinatorial type of C is given 
by a sextuplet 

Kc := (rc,dc,Sing(C),E^°P,crc°P,{Ac,p,0c,p}p6Sing(c)), 
where: 

(i) re is the set of irreducible components of C, 
(ii) dc : re — > N is the list of degrees, 
(Hi) Sing(C) is the set of singular points of C, 
[iv) S^°P is the set of topological types of Sing(C), 

(v) (j^^ : Sing(C) -^ '^c^ assigns to each singular point its topological type, 
[vi) Ac,p is the set of local branches of C at P G Sing(C), (a local branch can be seen as an arrow 
in the dual graph of the minimal resolution of C at P, see [lU Chapter II. 8] for details) 
and (jjc^p '■ ^C,p — > re assigns to each local branch the global irreducible component that 
contains it. 
We say that two curves Ci and C2 have the same combinatorial type (or simply the same com- 
binatorics) if their combinatorial data Kci and Kc2 are equivalent, that is, if S^"^ — ^c^ ^ and 
there exist bijections: 

(1) ipr : rci ^rc2, 

(2) (yssing : Sing(Ci) ^ Sing(C2), and 

(3) ifp : Aci,p -^ Acj ,^g.^ (p) (the restriction of a bijection of dual graphs) for each P e 
Sing(Ci) 
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such that: 

(1) Jci = dC2 °Vt, 

(2) CTc7 = o-c7 °VSing, and 

(3) ipr O (/)Ci,P = '/'C2,¥'Si„B(P) ° V-P- 

In the irreducible case, two curves have the same combinatorial type if they have the same 
degree and the same topological types for local singularities. On the other extreme, for line 
arrangements, combinatorial type is just the set of incidence relations. In higher dimensions, 
the concept of combinatorics still makes sense but it becomes much harder to describe, except 
for the case of hyperplane (or in general linear) arrangements where the incidence relations are 
enough to determined the combinatorial type. 

The main interest and motivation for combinatorial types of curves is due to the following. 

Proposition 2.17. Consider two curves Ci,C2 C P^, and T(Ci), T(C2) their regular neighbor- 
hoods with boundary. Then the pairs (r(Ci),Ci) and (T(C2),C2) are homeomorphic if and only 
if Ci and C2 have the same combinatorial type. 

Proof. In one direction, the self intersections of the components of Ci and the topological types of 
the singularities of Ci are well defined and preserved under homeomorphisms of pairs (T{Ci),Ci). 
This determines degrees, topological types of singularities as well as the incidence of local 
branches. Therefore their combinatorial types coincide. Conversely, the combinatorial type 
allows one to obtain the minimal resolution of the singularities, which should be homeomor- 
phic. Since the self intersections coincide one can extend this to a homeomorphism of the 
tubular neighborhoods of each component (including exceptional components) and glue them 
along the intersections as prescribed by the multiplicities of the components. By contracting 
the exceptional components one can define a homeomorphism of pairs between (T(Ci),Ci) and 

(r(C2),C2). D 

A pair of plane curves (Ci,C2) such that (T{Ci),Ci) and (r(C2),C2) are homeomorphic, but 
(P^,Ci) and (P^,C2) are not (that is, whose embeddings in P^ are not homeomorphic) is called 
a Zariski pair. The existence of Zariski pairs and the search for invariants of the embedding of a 
curve that can tell two combinatorially-equivalent curves apart has been a very productive field 
of research started by O. Zariski in [271 [5S] (see j^ and references therein for an extended survey 
on Zariski pairs). 

Alternatively, one can also define a weaker concept of combinatorics as follows. 

Definition 2.18. Let C C P^ be a plane projective curve. The weak combinatorial type of C is 
given by a quintuplet 

Wc := (rc,Sing(C),{Ac,p,0c,p,(»,»)c,p}peSing(c),'^c,5c), 

where re := {1, ...,r}, dc, Sing(C), and {Ac,p, 0c,p}peSing(C) are defined as before, gc : re ^ N 
is the list of genera, and {m,»)cp : SP^^ ^(Acp) ^ N, where 4>C,p{5) is the global irreducible 
component containing J, SP^^ ^(Ac,p) := ^'"^^ ^'"^ \ A^^ p is the symmetric product of Ac,p 
outside the (/)c,p-diagonal (A^^, ^ := {{61,62) \ 4>c,p{6i) = 4>c,p{62)})^ and {6i,62)c,p represents 
the intersection number of 61 and 62 at P. 
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We say that two curves Ci and C2 have the same weak combinatorial data (or simply the sam,e 
com,binatorics) if their weak combinatorial types Wci and Wc2 are equivalent, that is, if there 
exist bijections: 

(1) ipr : rci ^rc2, 

(2) ipshig ■ Sing(Ci) ^ Sing(C2), and 

(3) (fip : Aci,p -^ Ac2,ipsin {P) (restrictionof a bijection of dual graphs) for each P £ Sing(Ci) 
such that: 

(1) dci = dc2 "Vr, 

(2) ipr o (f)c,^p = </'C2,vsi„g(P) o fP, and 

(3) {Si,62)ci,p = ((^p((5i),¥'p((52))c2,vs.„g(P)- 

It is obvious that Kc determines Wc using the intersection multiplicity formula. The converse 
is also true for smooth arrangements (a curve whose irreducible components are smooth), but 
not true in general as Example 17.11 shows . 

The question immediately arises as to what extent the combinatorial type of a curve de- 
termines well-known invariants of its embedding in P^. We will refer to such invariants as 
combinatorial. Fundamental groups of complements of curves are known not to be combinato- 
rial as shown by Zariski in |27j. The cohomology ring of the complement of a curve was only 
known to be combinatorial when the curve was a line arrangement [I] [3] or more generally, a 
rational arrangement [5] . The purpose of the upcoming section is to prove that the cohomology 
ring of the complement of a curve is a combinatorial invariant. 

3. Cohomology ring structure 

In what follows we will describe generators for H*{Sc)- For simplicity, we will assume Cq is 
a transversal line. We will consider coordinates [X : Y : Z] in P^ such that Co := {Z = 0}, and 
define ui := XdY A dZ + YdZ A dX + ZdX A dY the contraction of the volume form in the afFine 
space A'^ by the Euler vector field. 

As in the classical cases the subspace H^{Sc) is generated by the log-resolution holomorphic 
logarithmic 1-forms ct^ := dlog -%-, i — 1, . . . ,r, where Ci is an equation for the component Ci. 

Co' 

Theorem 3.1 (O Theorem 2.10 and 2.11]). The 1-forms ai, i = 1, . . . ,r defined above verify 
the following properties: 

[ii) Yi :— {(Ti, . . . , Gr] generate H^{Sc) as a vector space, and 

U-iy-' ifi = j 

{Hi) (Res'^lcr,) ~ ^V ^fij^J 7^0 

[{-ly+'d, tfj^O. 

In order to obtain generators for H^{Sc) we can proceed as in the rational case. Let us first 
recall the concepts of multiplicity trees and logarithmic trees. 

Definitions 3.2. 

{{) Let / G C {x, y} be a germ of a holomorphic function at P whose set of zeroes is a germ 
of curve Vf C 5o with an isolated singularity at the point P. Consider the sequence of 
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blow-ups 

Dq < Oi < 02 < . . . < Dm — D 

in the resolution of 5*0 at P, and denote by tt^; the composition of the first k blow-ups 
TTfc — £fc o • • • o ei- The germ of curve Vf,k — "^k^i^f \ l^l) shall be called the strict 
transform ofVf in Sk and its equation denoted by fk- The divisor TTl{Vf) shall be denoted 
by Vf_k and called the total transform ofVf in Sk- For simplicity let us write Vf := Vf^m 
and V f :— V f_m- The exceptional divisor in Sk resulting from the blow-up of a point in 
Sk-i shall be denoted by Ek and the points P^, . . . ,Pj. '' in Ek fi Vf_k called the infinitely 
near points to P in Ek- For convenience, the point P is also considered to be infinitely 
near to itself. Finally, the multiplicity of Vj^k C Se at the point P^ shall be denoted by 

i^piif) :=multp£(V>,fe). 

(ii) To each resolution of singularities tt one can assign the multiplicity tree ofn at P -denoted 
by 7p(7r, /), or simply by Tp{f) if the resolution tt of 5*0 is fixed. Tp{f) is a tree with 
weights at each vertex and is defined as follows. 

a. The vertices of Tp{f) are in bijection with the infinitely near points to P. 

b. Two vertices of Tp{f), say Qi and Q2, are joined by an edge if and only if one of 
the points, say Q2, belongs to Sk for some fc, the other point Qi belongs to Sk-i and 
Q2ee^\Qi). 

c. For convenience, this tree is considered to simply be a vertex if P is not a singular point 
of/. If/(P)^0, thenTp(/):=0. 

d. The weight w{Tp{f), Q) of a vertex Q is VQ{f). 

The extended multiplicity tree at P, denoted by Tp(f) contains the multiplicity tree Tp{f) 

as a subtree. It can be constructed as follows. 

a'. The vertices of 7p(/) correspond to the points of Sing(y/). Note that each extra vertex 

corresponds to a non-infinitely near point in Sing(yj), that is, an intersection of two 

exceptional divisors, say Ei and Ej. They shall be denoted by e^ with the convention 

i < j. 
b'. A vertex e^ is joined to another vertex Q \i Q belongs to Sk for a certain k and 

Cij € e^ (Q). Note that necessarily k = j. The remaining edges come from the fact 

that Tp{f) is a subtree of Tp(/). 
c'. The weight at each Cy shall be defined to be 0. The weight of each of the remaining 

vertices coincides with that of Tp(/). 
(Hi) The set of vertices |Tp(/)| of an extended multiplicity tree 7p(/) is endowed with a partial 
order as follows. Consider P as the root of the tree and direct the edges of the tree towards 
P. In this directed tree, a point Q2 is said to be greater than Qi -denoted Q2 > Qi- 
if there is a directed path from Q2 to Qi. In graph theory this situation is commonly 
described by calling Q2 an ancestor of Qi, or Qi a descendant of Q2. Given a set of points 
{Pi, . . . , P„} C 7p(/) one can define 

Asc(Pi, . . . , P„) = {g e Tp{f) \Q>P, z - 1, . . . , n}, 

and 

Desc(Pi,...,P„) = {Qerp(/) |g<P, i-l,...,n}. 
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Multiplicity trees are quasi- strongly connected trees, which means that the set of common 
descendants Desc(Pi, . . . , P„) is non empty and inherits a linear order from Tp(/). The 
maximal element in Desc(Pi, . . . , P„) is called the greatest common descendant and is 
denoted by gcd(Pi, . . . , P„). 
(iv) The degree of a weighted tree T shall be defined as 

V- fw{T,Q) + l^ 



(6) deg(T):- ^ ^ 

Qe\T\ 

where w{T, Q) denotes the weight of T at Q. 

Note that if T = Tp{f), then deg(T) is the (5-invariant of the singularity of / at P. 
(v) In order to simplify, we shall write T = T' for two weighted trees that are isomorphic 
as trees, and T = T' (rcsp. >, <, < or >) if T = T' and w{T,Q) = w{T',Q) (resp. 
>, <, < or >) for any Q e \T\ ^ \T'\, where w{T,Q) :- EQ'eDe.c(Q) ^(^> Q') (^e 
are using the isomorphism of trees to identify the vertices). Note that w{T,Q) is the 
multiplicity of the total transform of / at Q. Also, T — k will denote a tree T' = T so that 
w{T', Q) = max{M;(T, Q) — k, 0} for any Q E \T\. Particularly useful will be the tree 

(7) rp"(/):=Tp(/)-l. 

Sometimes it will be necessary to compare empty trees. In this case, the conditions =, <, > 
are vacuous and hence always satisfied. 
(vi) Let 5 G C {x, y} be another germ at P. Then one can consider the restriction of g to Tp{f) 
— or 7p(/)|g- as another weighted graph isomorphic to Tp{f), but whose weights are now 
1/(3(5). One can check that the set I := {g & C{x,y} \ T\g > T} defines an ideal. Note 
that, dime {C{x,y}/m'') = (''+^). Hence 

(8) deg(r)=dimc^i|i^ 

(vii) Let X* be a plane projective curve, note that its (extended) multiplicity trees do not depend 

on the equation oiV. Hence they can be denoted as Tp{V) (resp. 7'p{V)). Note that the 

[2] 

set of maximal points of UpeSingfp) l'^(^)l is in bijection with V . 

In case V is irreducible and has degree d, from ([6]) and ([7]) one can rewrite the Noether 

formula for the genus 4, p. 614] as follows 

(9) g(^)- ^'''f ''^ - E deg(r,"(P)). 

PeSingX) 

{via) Let us consider tt a resolution of singularities for the plane curve C. We define the basic 
logarithmic ideal sheaf of C with respect to tt as follows 

iIl,)p:={heOp\Tp{C,7T)\, > T^{C,7t)}. 

If no possible confusion results from the underlying resolution, the sheaf X^ ^ will be 
denoted simply by T^. 

Remark 3.3. Since n also induces a log resolution of the ideal C = I{C) at any point P, one 
can also see Xq as the multiplier ideal sheaf of C, that is Tr*Og^ (Kg^/p2 — F), where C ■ Og^ — 
OsA-F). 

Analogously, 1^ corresponds to the special ideal of quasi-adjunction Ao{C) as defined in [T71 

US]. 
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Let US return to the situation presented at the beginning of this section, where C is a plane 
projective curve and tt is a resolution of singularities. Let Cy := Ci U Cj, dij := degCy, and 
9ij '■— 9i^ij)- We denote by Cy an equation of C^ (which is Ci if i = j and CiCj Hi ^ j). One 
has the following. 

Proposition 3.4. dim H^ {^"^ ,T^^.{d,j ~ 2)) > d^ + .g^ - #{i, j}. 

Proof. To ease the notation let us write I for Z". . . From the exact sequence 

-> I{d^J - 2) ^ Op2 (dy - 2) ^ 0/I{d,j -2)^0 

and the fact that H^{0{k)) — for any k and ^ > 0, one obtains that 

(10) /^^P^X(d,, - 2)) > ["^'A - /i"(p2, O/I). 

In what follows, we will assume i ^ j. The case i — j is analogous. First, we will calculate 
/i"(p2,e>/X). Note that, by dH), one has 

/.°(p^oA)= y: degrp"(c,)= 5: 5: [^q(^^-)). 

Since VQ{Cij) — VQ{Ci) + vq(Cj) and ("^ ) ~ (2) + (2) + ^^ ^^^ obtains that 

/.«(p^o/x)= ;^ Y. i:''f^)^i:''f^)^-Qm-Qic,) 



and finally using © one obtains 




(11) /."(p^c^A)^f'':Vf'^"')- 


- Qij +didj. 


Therefore (fTn| becomes 




/^"(P^J(d,, ~2))> 


[(io-r.")-('.")-H 


+ 9tj = {dt 



D 

Definitions 3.5. 

(j) Let / G C {.T, y} be a holomorphic germ at P and tt a resolution of V/ . An ideal I C C {x, y} 
is called a logarithmic ideal for f at P if for any germ h G I the 2-form 

(12) /. ^^ 

is log-resolution logarithmic at P -with respect to Vf and the resolution tt. 
{ii) Let C = (C) be a curve and let tt be a resolution of C. An ideal sheaf 2 on P'^ is called a 
logarithmic ideal sheaf for C if its stalks Ip are logarithmic ideals for the germs Cp of C 
at any P S P^ (with respect to Vcp and the resolution tt restricted to a neighborhood of 

P)- 

Definition 3.6. Let 5i and 82 be local branches of / at P. A weighted tree T is said to be a 
logarithmic tree for Si and 62 if it satisfies the following properties: 
{{) T = Tp{f), 
{ii) the ideal / := {h G Op \ Tp{f)\h > T} is logarithmic, and 
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(Hi) Hip e Mi, where M/ := {h G Op \ Tp{f)\h = T} C /, then 

J ' Q 

if and only if Q is a vertex of the unique subtree 7p((5i, 62) C T joining Si and 52- 

Example 3.7. Note that Tp{f) is a logarithmic tree for any two branches ^1, 62 of Vf at P. 
Moreover, if ip e C{x,y} is a germ at P such that -0 := V^^j^ with Tp(/)|^ > T^(/), then 

-0 G '^*Wi, that is, it has weight one and hence ( Res'^V) = for any Q e Sing(V}). 



Proof. Note that if tA := y'^^, then 



- uv 



, y = ^ I ^ d{uv) A dv up(v)+i-i^p(f)~^ ^ duAdv - 

ip < ip{uv,v) — —. :— — V ^^^'^ '^^' 'ip(u,v)—z = tp 

f{uv,v) f{u,v) 

in one of the affine charts of the blow-up of P. Since vp{ip) > vp{f) — 1 by hypothesis, the form 
-0 has poles only along / = 0. This argument works inductively, until the result of the blow-up 

is an irreducible smooth branch. This proves that -0 is log-resolution logarithmic and that it is 
oftypel^f^ □ 

Theorem 3.8 {^•., Lemma 2.34]). For any given two local branches 5i and 82 of f at P there 
exists a logarithmic tree for 5i and 62 at P associated with a resolution tt of the germ of f at P. 

We will denote such a tree by Tp^' ^{Vf, tt). 

In order to construct global forms we will proceed as follows. First, for each irreducible 
component Ci of C, we will order the di = degCi points of Ci at infinity CiOCo = {P^, . . . , P^.}- 

Definition 3.9. Let P G Cy, and let 5i (resp. 82) be a local branch of the irreducible component 
Ci (resp. Cj) at P. The ideal sheaf X(j.\ ^ associated with Si and 62 shall be defined as 

rQ(Cy, 7r)u > r;^'*^(Cy,^) if Q = p 

TQiC,,,n)\h > TQ{a,,7r)-2 if Q G {F 
TQ{Ci-i,Tr)\h > T^(Cij, tt) otherwise 

resolutio] 

global section s oiJJ,'. ^{d) shall be called essential if sq G Mjq for every Q G P^, where sq is 
the section s localized at Q, Iq — {Iq'. ^)q and Af/^ is as in Definition 13. 6[[iii|) . 

Analogously to Lemma 3.35] one can prove the following. 
Proposition 3.10. degZp';''" = degZ^',. + d^j - #{i, j} - 1. 

Therefore Propositions 13 .41 and 13 . 1 OI implv the following. 

Proposition 3.11. dimi7°(p2,2'^^;.'''(dy - 2)) > 5„. 

One can give a description of a section in such sheaf ideals. In order to do so let us denote by 
7p((5i,(52) the minimal subtree in Tp{Cij,Tr) (see Definition 13. 6p containing Si and S2- We can 
consider 7p((5i, 82) as a subset of the total transform C of C (in particular it should contain Cj 
and Cj). We also denote by w(7p((5i, (52)) the set of vertices of 7p((5i, (^2). 

Proposition 3.12. Let (p be a section in iJ*'(P^,2'p.' ^{dij — 2)). Consider the 2-form ipp' ^ := 
'■P fj'^fj. ■ One has the following basic properties: 



{^c:':^)Q---{h^OQ\ rQ(C.„7r)U > rQ(a.„^)-2 ifQGJP^Pf} 

{Cij,n) otherwise 

Since we have fixed the resolution vr, the ideal sheaf X^^,'. ^ will simply be denoted by IJ,\ ^. A 
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(1) 

r±A tfQevijp{5i,S2)), 



otherwise. 



otherwise. 



(2) The constant A' G C satisfies: 

A' 

Moreover, if i ^ j, then |A| = |A'| ^ Q if and only if ip ^ M s-^,s2 is essential (as in Defini- 
tion KMn^ ). 

(3) The signs of the residues described in ([I]) are such that if V C ^p{Si,S2) U Cq d C is an 
irreducible component then '^Rq ipp' ^ has exactly two poles along D whose residues are A 
and —A so that they add up to zero. 



Proof. The proof of Theorem 13.81 is constructive and using such construction one can check 
parts ([T]) and ^. Part ([21) is a consequence of the commutativity of the generahzed residue 
maps (Theorem I2.9p and the fact that the residues of a meromorphic function on a compact 
Riemann surface add up to zero. D 

Notation 3.13. For any P G Sing(C\Co) and any two local branches Si and S2 belonging to the 
global components Ci and Cj respectively. Let "tpp' ^ be a log-resolution logarithmic 2-form as 
constructed in Proposition 13. 121 with the extra normalizing condition that ( Res'^^'-^p' ^ j =1. 

The set of all such 2-forms will be denoted by vi :— {^pp' ^ }p,5i,S2 , the vector space they generate 
by Vi, and its projection into H^{Sc) by Vi. 

Remark 3.14. Note that, ii ^{61,62) ■= 'yp{Si,d2) U Co C C then there is a 1-cycle in C which 
results from joining the vertices having non-zero residues. In order to complete this to a set of 
generators of Hi{C) one needs to consider 1-cycles "at infinity" and those coming from the genus 
of each irreducible component. 

pi 

Definition 3.15. For any P^. e Co n Ci, fc = 2, . . . , d^, the ideal sheaf I ,-.'', ^ associated with PJ: 
shall be defined as 

""""^ \ "^ ^ TQ{Q,7r)\h > T^{Q,7r) otherwise J 

pi 

As before, since we have fixed the resolution tt, the ideal sheaf Xfj^ ^ will simply be denoted by 

pi pi 

Tfj'' . Again, a global section s oiX(j''{d) shall be called essential if TQ{Ci, n)\sQ — TQ{Ci, tt) — 2 
for every Q G {PI, P^}, where sq is the section s localized at Q. 

One can also describe such sections in terms of their residues as in Proposition 13.121 Its 
analogue reads as follows. 

Proposition 3.16. Let (p be a section in H^{P'^,2^''{di — 2)). Consider the 2-form tpl^ :— 
P> (j'^Q, ■ One has the following basic properties: 



±A ^/ge{P^P^.}, 
otherwise. 
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(1) 

(2) A ^ if and only if if £ M pi is essential (as defined m l3.15)) . 

(3) The signs of the residues described in ([I]) are such that ifT>(z {Ci,Co} C C , then '^Rq ipl^ 
has exactly two poles along V whose residues are A and —X so that they add up to zero. 

Proof. The proof follows immediately from 13.71 and the fact that the singularities at infinity are 
always nodes, hence the local trees are as shown in Figure[T] Therefore Tpi [Ci) — 2, imposes no 



2 

Figure 1 . Multiplicity tree of a node. 

conditions on Lp and thus 

The same argument works for PJ^, and hence ([I])-© follow. Finally, part ^ follows from the 
same ideas as in Proposition 13 . 12[( 5|) . D 

Notation 3.17. For any P^ S Cq H Ci, k = 2, ...,di, let Vm be a log-resolution logarith- 
mic 2-form as constructed in Proposition 13.161 again with the extra normalizing condition that 
(Res'^Vjif ) — 1- The set of all such 2-forms will be denoted by Voo := {'4^^^]i,k-, the vector 

space they generate by Voo, and its projection into H^{Sc) by Voo- 

Remark 3.18. As in Remark 13.141 there is a 1-cycle passing through the points PI and PI 
associated with each 2-form. In the rational arrangement case, these forms generate H^{Sc) (O 
Theorem 2.46]), which can be proved basically just by checking their residues. In the general 
case, one still needs to add more 2-forms that have to do with ker (H^{Sc) — * ff°(C )). 

By Theorem 12.91 and the exact sequence (O note that 
(13) H^{Wi) ^ H^{Wi/Wo) ^ H^{Wo) = H\C '). 

i" —[1] 

Using the inclusion fi* ^^ Wq from the complex of global holomorphic forms on C to the 
complex of global differential forms one has a map H^{C ,fl^) ^ H^{C ). Also note that 
dimiJ^(C , 57^) = g. In the following, we will describe generators for H^{C ,51^). 

Proposition 3.19. Let K, := {V' = Lp^ \ Lp £ H°{¥'^,0{d, - 2,)),Tp{C^)\^ > T^{C^)}. One has 
the following properties: 

(1) k,cw?(^a';hc)), 

(2) Kc C ker('ij2(5c)^2!!"iy0(^[2l)\ ^f^^^^ ^^ ^ ©Li^i> and K, is the projection of K, on 
H^{Wi) C H'^iSc), and 

(3) ^R^^'^kc=i^H\C^'-\^^). 
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Proof. Let us start with part ([T|). The result is local, and from Example 13. 7[ it is enough to 
check it at the points at infinity {P^, . . . ,P^,} — CoCiCi. Since such points are smooth on d by 
hypothesis, the condition Tpi {Ci)\^ > Tpi [Ci) is vacuous. Hence the local equation of V' at P^. is 

'^ k 

du A dv 

ip{u,v) , 

V 

up to a unit, where {v = 0} (resp. {u = 0}) is the local equation of Ci (rcsp. of Co). This also 
proves the first statement of part ([2]). On the one hand note that 

dim K,>f'^'^^]- Y. d°g ^P (^^ ) = 5- 

^ ^ PeSing(C. 

On the other hand note that ii tpi + ■ ■ ■ + ipr ~ 0, i'i (^ Ki, then multiplying by C, one has 

(14) IP1C2 Cr+ Ciip2 Cr-\ h C1C2 ifr^O. 

Consider {Qi, . . . , Qdi-2} C Ci \ (C2 U • • • U Cr) and evaluate such points in (fT4|) . One obtains 
that ipi{Qi) = • • • = (/Ji((5di-2) = 0. Since Ci is irreducible and deg(pi — di—3, one obtains that 
(fi = 0. Proceeding analogously for every ipi one obtains that Kc = Ki (B K2 ® ■ ■ ■ (B Kr- This 
same idea shows that ^i?Q V = if and only if V' = 0. Therefore dim ^Rq Kq > g — h^{C ,ri^). 
The inclusion ^^W^Kq C i^H^{C ,fl^) forces i^ to be an injection and thus, parts ^ and ^ 
follow for dimension reasons. D 

Remark 3.20. Note that Proposition l3.19l[ 3|) implies in particular that cohomology classes outside 
Kq do not have holomorphic representatives. 

Consider Kc the conjugate of Kc, which is a subspace of ker (H^{Sc) — > H^{C )) of di- 
mension g such that Kc®Kc= ker (H^{Scf^''^H^{C^^^)] 
Corollary 3.21. Under the above conditions 

H^iSc) = Vi (BVo. (B Kc ®Kc. 

Proof. From Proposition 13.191 we only need to check the result for H'^{Sc)/Kc ® Kc- The 
residue map Res' ' on the quotient is injective. Let us consider ip £ Vi. From Proposition 13. 12l 
(Res'^V) = 0, for any i — 1, . . . ,r, and any k — 2, . . . ,di. On the other hand, from Proposi- 

tion l3.16l it is immediate that any 2-form tp G t4o satisfies that J2k=i ( R-es'^V) ~ 0. Therefore 

"k 

ii^p eViCi Ko, (Rcs'^I v) ^ = 0, fc = 1, . . . , d, and thus ^A = 0. D 

Our purpose in what follows is to prove that, for a certain choice of vi and Wqo , the forms S, vi 
and Woo generate a subalgebra oi H*{Sc) whose relations are satisfied for the 2-forms themselves. 

Lemma 3.22. Let ijj :~ ^-jj- G ^i, where ip, q, and Ci are homogeneous polynomials. If 
\Rq {ip) ) „ = 0, then (p = pCi for some homogeneous polynomial p E C [X, Y, Z] . 

Proof. Let us consider P e Ci\SingC, then by ()13p and the maximum principle, I ^Rq {ip) \ \p — 

ifP^ = (that is, at the level of forms, and not only at the level of cohomology classes), where 
Zi is a local system of homogeneous coordinates around P (note that there is no anti-holomorphic 
component). Since Ci is irreducible one has ip = pCi. D 
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Analogously to the rational case, consider P £ SingC and three local branches 6i, 6j, and Sk 
belonging to the global components Ci, Cj, and Ck respectively. 

Proposition 3.23. Let us assume that i/j := ip „ c^c c ^^ trivial in H'^{Sc) for ip = (piCi + 

(PjCj + (fkCk, where p is a homogeneous polynomial of degree di + dj + dk — 1- In this case 

Proof. Since Res' V = 0, one has that ijj G W^. Furthermore, -^Rf^ (ij) — 0, and hence, by 
Lemma [3.221 p — fCiCjCk, which, by the degree condition, implies f — 0. D 

Remark 3.24. Let us consider P £ Ci D Cj and (5i, 62 local branches of Ci and Cj respectively. 
Assume that Ci is a non-rational curve (and analogously if Cj is a non-rational curve), consider 
Q £ Ci n E an infinitely near point to P, and assume that {u — 0} (resp. {v — 0}) is the local 
equation of Ci (resp. E) at Q. By Proposition 13. 12^ ]) and Notation 13.131 we know that the 
local equation of ipp' ^ at Q is 1^ '^"^'^" where (p{0) = 1. We can then choose ipp' ^ such that 
ip\u=o = I + Xv + m^, where A is defined as follows. Note that n*^ A -^ also has poles along 

E. Therefore locally 

dv 



2 r>li]* dC, dCj 



^k— + fdv 



E ^ 



where /c G C * and / G C {u} is holomorphic. Therefore 

(15) A :^ \ /(O). 

(Ol,02)p 

Analogously one can construct the 2- forms described in Proposition 13. 161 We will denote such 
a set of closed forms by vc and the vector space they generate by Eq ■ 

Proposition 3.25. Under the previous conditions, let P G Ci C^Cj CiCk, consider 5i, 82, and 
5^ local branches ofCi, Cj, and Ck respectively. Ifijjp' ^ — (pp' ^ p cc- ' "^p' ^ ~ ^p' ^ c c c ' 
and tl)p' ^ ~ Pp' ^ (J Q (J. o,re forms in vq constructed as in Remark \3.24\ then 

pY'Gk + p'^'^'C, + p'^'^'Cj - 0. 

Proof. Let us denote by i\j the 2-form tfip' ^ +ipp' ^ +'>Pp' ^ and by (p the polynomial pp' ^Ck + 
fp' ^Ci + Pp' ^Cj. It is immediate that Res' '^ — and by the previous construction also 
^Rq V = 0. Since ^ = p> ^ n^c c ' ^^^ result follows from Proposition 13.231 D 

Proposition 3.26. The following equality of 2-forms holds: 

di dj 

(16) d.Aa, = J2 ('5i,<52)p^p"'^+rf,E '/'?»' -rf.E'^-, 

PeSing{Cij) k=2 k=2 

Si S Ap(Ci), 

S2 e A_p(Cj). 

where Si (resp. S2) runs over the local branches of Ci (resp. Cj) at P, and {5i,52)p denotes the 
intersection number. 



Proof. Note that ai A (Jj = Jac(Ci, Cj, Co) = 



Ci^x Ci^Y Ci^z 
Cj.x Cj,Y Cj^z 

Co,X Cqy Cq^z 



CoCiCj 



If we denote by ipi 



the right-hand side of (fTB]) then following the proof of [51 Theorem 2.47], one easily checks 
that Res'^'ffi A CTj = Res'^'^/jy. As a consequence of that ai A cfj — ipij G Wi and hence 
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one can check ^Rq {ui A aj —Tpij). By construction (see Remark 13. 24p it is easy to see that 
^i?o {ai A (Tj — ipij) — (one needs to use that ^i?g {(Ji A dj — ipij) — ^Rq cr.i A aj — '^Rq 'ipij 
and Theorem 12. 9p . then by Proposition 13. 23( 

di dj 

(17) Jac(C.,Q,Co)= Y. ('5i,52)p¥'p"'^+rf,E^-^^-'^*E^-C. 

P S Sing(Cij) fe=2 fc=2 

Si £Ap(Ci), 

S2 e Ap(Cj). 
follows and hence formula ([TBI) holds. D 



As a consequence of the previous results one obtains a description of the cohomology ring of 
the complement of a projective plane curve H*(Sc)- 

Theorem 3.27. The cohomology ring H* of Sq can be decomposed as follows 

Ec®kc® Kc 

where H* is trivial in degree > 3, Kq and Kq are homogeneous subrings of degree 2 and dimen- 
sion g each, and Eq can be described as: 

• Generated in degrees 1 and 2 by 
(Gl) (Generators of E^) cti, . . . , Ur, 
{G2) (Generators of E^) 

(see Notations Ul^ and \Jll\ ). 

• The following is a complete system of relations 

(i?2) 

di dj 

a, A a, - Y. ihM)pi'V^ - d, ^ fe^ ^ d^Y. ^- ' 

P e Sing(Ci3) fc=2 fc=2 

hi e Ap(Ci), 
52 e A_p(Cj). 

(i?3) Vp'^'+V'p'^'+V'p''*^ 
D 

Note that the ring structure depends on some local and global data which will be described 
in what follows. Because of the general condition about the transversal line we will repeat the 
Definition 12. 181 with a slight change in notation. 

Let C = Ci U ... UCr C P^, Co a transversal line, C := Co U C, r := {l,...,r}, d -.^ {di...,dr), 
where di :— degCi, g :— [gi, . . . ,gr), where g.i :— g{Ci), and let Sing(C) be the collection of 
singular points of C. For any P G Sing(C) let Ap be the collection of local branches of C at P. 
Consider the following two maps (j)p : Ap -^ r and (•,»)p : SP'i^{Ap) -^ N, where 4>p{5) is 
the global irreducible component containing S, SP?,j,(Ap) :— ^^ -^ \ A^p is the symmetric 
product of Ap outside the (/)p-diagonal (A^p := {{61,62) \ 4>p{6i) — (f>p{62)}), and {6i,62)p 
represents the intersection number of 61 and 62 at P. 

Definition 3.28. The family Wc '■— (r, Sing(C), {Ap, ^p, (•, •)p}pggj .^jw J, g) is called the 
weak combinatorial type of C. 



COHOMOLOGY ALGEBRA OF PLANE CURVES, WEAK COMBINATORIAL TYPE, AND FORMALITY 19 

Corollary 3.29. The cohomology ring H* of Sc only depends on Wq the weak combinatorial 
type ofC. □ 

Remark 3.30. Corollarv l3.29l is also true in the case that the curve does not contain a transversal 
line - as we have assumed throughout section [J3l In this case one can add a transversal line and 
consider C — CUCq. The ring _ff*(S'j) fits in the following exact sequence 

^ H*{Sc) ^ H*iSc) "-^ Cco ^ 0, 

where Res'^' is the residue defined in Proposition l2 . 151 and ttcq is the projection of H^{{Cq UC)'^') 
on the coordinate corresponding to Cq. 

Example 3.31. Consider the two conies Ci :— {y{y — z) + {x + j/)^ — 0}, C2 '■= {y{y — z) + 
{x — yY — 0} and the line C3 := {y = 0} (see Figured]). The weak combinatorial type of 
C := Ci UC2UC3 is Wc := ({1, 2, 3}, 5, {Ap, (/.p, (., .)p}pes, (2, 2, 1), (0, 0,0)), where S := 
{Pi,P2,P^,P3}, Ap, := {5lSl}, Ap, := {5i,<5|}, Ap, := {5[^5'i}, Ap, := {5l5l}, ^p^(5]) := 
j, and (^], <5^)pi — i- The ring H*{S^) is generated by the 1-forms tOi := 2a3 — cr^, z = 1, 2 and 

the 2-forms ?Ai := V'p ' ^ +'4'p' ^ ~4'p' ' ^ i ^^^d -02 '■— V'p ' ^ +^p' ^ ~ V'p' ' ^ • The only relation 
is given by wi A 0^2 = 3?Ai + ^"2 • Hence 

H*{Sc) = (wi,W2,'(/'l,'(/'2 I Wl AW2 = 3-01 +-02)- 

Pi P, 



2 ^2 




3 

Figure 2. Projective realization of C and multiplicities of intersection 

Remark 3.32. As in Definition 13 . 281 the curve C C P^ will not be assumed to have a transversal 
line and usually, we will denote by C the union of C and a transversal line. In the future, we will 
always consider this situation unless otherwise stated. 

4. Generalized Aomoto Complexes and Resonance Varieties 

4.1. Resonance varieties. Given a curve C and a holomorphic 1-form on its affine complement 
Sc ■= P^ \ (C U Co), say u e H^{Sc) consider the complex {H^{Sc), Alu) described by using the 
algebra structure as follows: 

^ C ^ H\Sc) ^ H^iSc) -^ 

C ^ Cw 

a H^ a Alu. 

Definition 4.1. The set 

7^,(C) ■.= {ujeH\Sc) \ dim H^{H\Sc),Auj) > i} 
is called the i-th resonance variety ofC. 
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Originally in [TH] and later on also in [Hl[Tni[H] (resp. [5]) it is shown that resonance varieties 
of a plane algebraic curve (resp. of a quasi-projective 1-formal group) can be decomposed into a 
finite union of linear subspaces. Moreover, in a further description of each irreducible (linear) 
component is given in terms of pencils containing C. 

Our purpose in this section is to define a purely combinatorial complex {A'^,Auj) whose 
cohomology jumping loci coincides with TZi{C). In other words, if 

V^iW) := {u;eA]y\ dimH^{A'^, Aco) > i}, 

there exists a chain of morphisms between A^ and H*{Sc) such that Vi{W) — TZi{C). 

4.2. Generalized Aomoto Complex. Let Wc = {W,d,g) be the weak combinatorial type of 
C as in Definition 13.281 and consider: 



(0 ^°w 
(ii) A\^ 

{Hi) A^r 



= ®pes Mf^^ ^liere Ap = ©sgApV'pC and 



(18) Ip := {Vp' A <^ + i}j^^ A i}j^^ + V^' A Vp' } + {^p A V^p' I Mp{^p) = 1} C Ap A Ap. 

[iv) A\^ = (i > 3). 
Finally we turn A^^ into a graded algebra by means of the following product: 



(19) a,ha,:= J2 {SuS2)p^i' A^p' ■ 

P € S, 
0p{<5l) = »: 
<l>p{S2) = J 

Definition 4.2. Given an element of weight one, say u; £ Al^, one can consider the complex 
(A^, Aw) described by using the algebra structure as follows: 

n -> 4° ^ 41 ^ 42 . n 

" -^w ^w -^w " 

a I- 
Such a complex is defined as the Generalized Aomoto Complex of W . 

Rem,ark 4.3. In order to describe a matrix for the homomorphism A^ -^ A^ we need a basis 
for A^ (note that {aijigr is a basis for the vector space A^^)- We will proceed as follows: 

(1) for any point P ^ S one can choose a local branch Sp £ Ap. The element Sp will be 
referred to as the preferred branch of W at P. 

(2) Using this notation note that the set of vectors 

(20) {^/jf A ^M P e s. 

#0p(A_p) > 1 



is a basis of the vector space A 



w 



As usual, one can define the cohomology jumping loci of such a family of complexes parametrized 

by Al^ as 

V^iW) := {u;eA]^\ dimi/i(A^, Aw) > z}. 

One has the following. 
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Theorem 4.4. By means of the canonical isomorphism, A^ — > H^{Sc), the complexes {A^, Aw) 
and {H*{Sc), Auj) are in the same quasi- isomorphism class. Therefore, one can identify Vi{W) 
and TZi{C). 

Proof. Consider the subalgebra E^ of H*{Sc) as described in Theorem 13.271 Note that E^, — 
H^{Sc), and hence for any cu ^ E^ one can consider the complex {E^,Auj) and its cohomology 
jumping loci V,(^c) := {lo e E^ \ dim H'^{E^, Aw) > i}. Note that V,{Ec) = 7^^(C). 

On the other hand consider E^/l'^, where /° C E^ is generated by {ipp' ^} p g singfc) ^^'^ 

#<^p(Ap) = 1 



following 


morphism 










a : 


A*w 


-> 


Eel 






CTfc 


1 — > 


CTfc 




^'p 


A^i: 


1 — > 


i^'/ 



i-(Et2^^0-i(^'=^'^- 



where i := 4>p{S) and j := (j)p{5'). 

First of all note that a is well defined, since a{ijjp A ijjp) + a(V'p^ A ipp) + aii^p A ^/ip ' 
and that 



a^Ui A CTj) = ^ ((5i, (52)p a(V'p A V^; 



P G S, 
0p{''l) = ». 
</>J>{'52) = j 



d, E ^- - ^^ E ^- + E (-^1' ^2)P <^''^ = o(a,) A a(a,), 



fc=2 k=2 Pes, 

<t>p(S-i) = j 

where the first equality is true by (|19p. the second is due to the Bezout Theorem, and the last 
one is a consequence of the construction of the product in E'^ as shown in Theorem l3.27f FiE|) . 

A straightforward computation shows that a induces quasi-isomorphisms between [A* , f\uj) 
and (-E^//", Aa(u;)). Also, the projection E^ -^ E^/I^ induces a quasi-isomorphism. Hence 
Vi{W) '^ Vj(-E'c) and thus the result follows. D 

As a consequence of Theorem 14.41 one has the following. 

Corollary 4.5. //C C P^ is a curve and Wc — {W,d,g) its weak combinatorial type, then its 
resonance varieties TZi{C) only depend on W . □ 

5. The structure of characteristic varieties and combinatorial pencils 

Let p : TTi{Sc) -^ Aut(C,C) = C* be a local system of rank one. This defines a rank-one 
vector bundle Vp on Sc- The cohomology H*{Sc,Vp) is called twisted cohomology of Sq with 
coefficients on the local system, p. There is a natural stratification of the space of rank-one local 
systems on Sc given by: 

S,(C) := {p e H\Sc;C*) \ dimH\Sc,Vp) > i}. 

Each Si(C) is called the i-th characteristic variety ofC. Characteristic varieties of plane algebraic 
curves were first defined and studied by A.Libgober in [18] both from the point of view of algebraic 
conditions for the existence of components and in their connection with resonance varieties. In 
that foundational paper (see also [HKin]) the following equality is proved: 
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(7^,(C),0) = (E,(C),1), 
as germs, where 1 is the trivial character on Sc- 

Recently, in ^ Dimca-Papadima-Suciu proved that this formula is also true for general 1- 
fornial groups. 

From Corollary [33] we have determined that TZi{C) is combinatorial. Our purpose here is to 
study more closely the combinatorial structure of (Si(C), 1). In order to do so we define the 
concept of combinatorial pencil for projective plane curves. 

Definition 5.1. Let Wc — {W,d,g) be an abstract weak combinatorial type, rh :— {mi)itzr a 
list of integers, J-' — {Fi, . . . , Fk}, k > 3 a partition of r. We say that {J-, rh) is a combinatorial 
pencil of C if 

(1) djr = Y^idF, "^*^» fo'' s-iiy J e {!) ■ • ■ 7 k}, and 

(2) for any P E Sing(C) one of the following two conditions is satisfied: 

(a) either 0p(Ap) C Fi for a certain i — 1, . . . ,k, 

(b) or 

fc^j = 2J "^0p(<52)('^l''^2)p 

4>p{S2) e Fj 
is independent of j G {1, . . . , /c} for any i ^ Fj. 

The points P G Sing(C) satisfying (j2bp will be called the base points of the combinatorial pencil 
and each Fi E !F will be called a fiber. 

Our purpose in what follows is to prove that combinatorial pencils of C are in fact algebraic 
pencils. We will start by checking that combinatorial pencils contribute to the resonance varieties 
ofC. 

Proposition 5.2. Let Wc '■= (W,d, g) be the weak combinatorics of C and {J-',fh) a combinato- 
rial pencil of C, k := 4J=J' ■ Then Vk-iiW) contains a [k — \)- dimensional linear subspace defined 
by {T,m). 

Proof. Define oj :— J2i=i ^i^Fi, where api '■= '^c^f ''^j^j ^^'^ J2i=i ^t — ^^"^ "^i ^ ^w- Let 
us prove that {api ~ ctf^ ) € \ieT{A\^^Ay^). Note that 



[cTf — <JF ) hiO = ((Jf- — (JF ) a CJ; ,- i +UJ- - 

where ^"^'jl^J'^]"''^ := aio-F^^ + a20'F32 H h 0!s-i<JFj^_^ - ("i H 1- as-i)(yFj^ ■ The result 

is a consequence of the following: 

(i) (fT^^-af^jAw5^;^,, = 0, 
(li) {aF^^ - 'TF.J Ac.;X:.:yr^ = 0' if {*i'*2} n {n,j2, . . .,js} = 0. 

We will prove ^ in detail. Property (jHI can be proved analogously. 

In order to check such an equality we just need to prove that the coefficients of (up; — api ) A 
cOi^'i \ at every element of the basis considered in ([20]) are zero. In general we will denote the 
coefficient of -0 G A"^ at the element V'p' A 4'p by V' s" 

In order to keep the geometrical interpretation we will assume r := {Ci, . . . ,C,.}. Note that if 
Ca i Fi\J Fi, and S e Ap with dipiS) = Ca then (up. A ap) so = 0. 
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Second, we will check the coefficients of the vectors of type ^p A tpp, where P is not a 
base point of the combinatorial pencil and Sp is a preferred branch at P. Note that in this 
case (/)p(Ap) C Fi for a certain fiber Fi and hence the only products that contribute to this 
coefficient are those of type CTq, Aap, where Ca^Cp G F,;. We consider two cases: 

(1) If i ^ {ii, 12, is} or i — 13, then it is immediate that 



(2) If z = zi (analogously i — 12), then 



0. 



(If a Of = 0. 



.Si 



Finally we will check the coefficients of the vectors of type V'p' A ipp , where P is a base point 
of the combinatorial pencil and Sp a preferred branch at P (see Remark l4.3l) . For simplicity we 
will assume Ci is the irreducible component of C containing the local preferred branch Sp and 
(f)p{S') — €2- Note that according to the definition of A^ (see ([TH])) one has i/'p A-0p = ipp /\il^p 
as long as (t>p{Si) = (j>p{S^), i = 1,2. Therefore note that 



(ctq a ap) so 



= < 



0p(«l) =Co 

't>p(S2) = Cfi 
0p(*2) = C/3 



ii2 = a^ (3 
otherwise. 



Hence one has 

(21) 



iap, A a p.) go 



TT^2T,^p^S,) e F,^<Pp(Si){Sl,S2)p ^^2kp,2 

<t>p{^2) = C2 










if C2 e Fj,i ^ i, 
P = -m2kp^2 iiC2 e Fi,i^ j, 

ifi^j, oiC2^F,UF,. 



We will consider several cases: 

(1) If C2 e Fi^ (analogously if C2 e -FiJ, then 

((^F,, -^FjAa;,„,,3)^^^^^^, = 
= (dp.^ A (Aaap.^ - (Ai + A2)(Tp.3))^^o.^^^^, - (ap.^ A (Aiap.^ - (Ai + A2)f7p.J)^^^o.^^^, 
= (-A2m2fcp^2 + (Ai + X2)m2kp^2) - AiTO2A:p,2 = 0. 

(2) IfC2eF,3,thcn 



{{(^F., -Crp.J AWi,,,;2,»3) /?.,,,'= "(^1 + ^2) ((tp,^ -^P.J Acr.g) 



-(Ai + A2)m2(-A:p,2 + fcp,2) = 0. 






D 



One has the following result, which is a combinatorial version of the celebrated Max Noether 
Fundamental Theorem - sec for instance [5S1 [TH] . 
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Theorem 5.3. Let C C P^ fee a curve, Wq — {W,d,g) its weak combinatorial type, {!F,fn) a 
combinatorial pencil ofC, and define Di :— Jlc gf ^i ' ' i — I, . . . ,k. Then d :— X^is-F "^i^i ^^ 
independent of j for any j G {I, . . . ,k} and Di, . . . , Dk generate a pencil of curves of degree d. 

Proof, lik — 1,2 there is nothing to prove. We wiU hence assume that A: > 3. By Proposition l5.2l 
Vfc-i(VF) contains the (fc — l)-dimensional vector space {uj-y^""^ ''^^ \ A; e C). Since Vi{W) — 
Tli{C) by Theorem 14.41 and fc — 1 > 2 the resuh is a consequence of ^ Theorem 4.1]. D 

Proof. We will prove ((i| in detail. Property (|ii| can be proved analogously. 

In order to check such equality we just need to prove that the coefficients of {(JFi, — ^F;, ) A 

1,^2 
*1,J2,J3 



U!^^l \ at every element of the basis considered in ([20]) are zero. In general we will denote the 



coefficient oi ^ £ A^ at the element ijjp A -(Ap by V' 50 

Note that if P e Cq ^ i^, U F,, then {cjf A ap) s° = 0. 

D 

Therefore the local components of the characteristic varieties at the origin can be determined 
from the existence of a combinatorial pencil of curves containing the components of the given 
curve C. 

In order to make a precise statement we need some terminology. Note that given any combi- 
natorial pencil (jF, to) of C, one can associate with it a dual incidence graph whose vertices are 
in bijection with r and having as many edges joining i and j as #{P G S \ (f)p (i) fl 0p (j) ^ 0}. 

Definition 5.4. A combinatorial pencil V := {J-,ifi) is called primitive if each connected com- 
ponent of the dual incidence graph after removing the edges corresponding to the base points of 
V contains the vertices of exactly one fiber. 

Remark 5.5. Note that any combinatorial pencil can be refined as to obtain a primitive combi- 
natorial pencil. Therefore unless otherwise stated all the combinatorial pencils from now on are 
assumed to be primitive. Also note that in Theorem 15.31 a primitive combinatorial pencil gives 
rise to a primitive pencil (one whose fibers after resolution are connected). 

Definition 5.6. We say a combinatorial pencil {T, in) contains a curve ri if ri C r is a union 
of fibers of [T , rfi). More generally, if {T, rfi) contains a subset of ri we say that {J- , fh) partially 
contains ri. 

The following result generalizes the one for line arrangements obtained independently by 
M.A.Marco [23] and M.Falk-S.Yuzvinsky [12]. 

Corollary 5.7. Let C be a projective plane curve and consider C := Cq U C, where Cq is a 
transversal line. There is a one-to-one correspondence between irreducible components (resp. 
essential components) of the characteristic variety Sa;(C) containing the trivial character and 
combinatorial pencils partially containing C (resp. containing C) with fc + 1 fibers. 

Proof. It is a consequence of Theorem 15.31 and [S] Theorem 4.1]. D 

6. Formality of complements to projective plane curves 

All the basic definitions of minimal algebras, minimal models, homotopy, etc required in the 
definition of formality and in the theory of homotopy theory of algebras can be found for instance 
in any of the foundational papers [3 [2U [5S] . 
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Definition 6.1. Two graded differential algebras {A, cIa) and {B, ds) are called quasi-isomorphic 
if there exists a morphism of graded algebras f : A -^ B such that the induced morphism 
/* : H*{A,dA) -^ H*{B,dB) is an isomorphism. Note that "being quasi-isomorphic" is not an 
equivalence relation. We will refer to the quasi- isomorphism class of a graded differential algebra 
as the minimal equivalence class generated by the quasi-isomorphism relation. 

A minimal differential graded algebra is called form,al if it is quasi-isomorphic to its cohomol- 
ogy algebra using a zero differential. A differential graded algebra is called formal if its minimal 
model is formal. Finally, a complex space X is called formal if the algebra of differential forms 
{£{X),d) is formal. 

The concept of formal algebra is well defined since any differential graded algebra has a unique 
(up to homotopy) minimal model (c.f. [261 Section §5]). Also note that a minimal model for 
{A,dA) consists of a minimal algebra {M{A),dM(A}) plus a quasi-isomorphism M{A) -^ A. 
Therefore, if one finds a quasi-isomorphism between {£{X), d) and {H{X), 0) then X is formal. 
Moreover, if AT is a smooth complex variety and A is a completion of A by a simple normal 
crossing divisor, then the minimal model of £{X) and the minimal model of ^■^(log(£')) are 
isomorphic (c.f. [MJ Section §6]). 

Let C C P2 as in Section O 

Lemma 6.2. There is a decomposition ^p°f (C) = C © {^)®Ec®Kc®Kc(B£ of (log-resolution 
logarithmic) differential forms on F'^ , where £ is the kernel of all the residue maps ^i?J™ (see ^). 

Proof. There is an obvious surjective morphism from Api{C) to the right hand side given by the 
residues. The key to proving injectivity is Lemma l3 . 221 where (p need not be a polynomial. D 

Theorem 6.3. There is a well-defined quasi-isomorphism A^ (log(C)) -^ H*(Sc) given by 
sending Wq{Sc) to zero. 

Proof. Note that the relations (|17p and (|3.25p also occur in H*{Sc), therefore the map is well- 
defined. D 

As a consequence of the discussion at the beginning of this section one has the following. 

Theorem 6.4. The complement of a plane projective curve Sc is a formal space. 



Remark 6.5. Theorem 16.41 is the global version of the formality of algebraic links proved by 
Durfee-Hain in [TU] and obtained independently by A. Macinic in ^22j. This result is a conse- 
quence of a more general fact proved in that paper: a 2-complex X which is 1-formal is also a 
formal space. 

The 1-minimal model Mi{A) of a differential graded algebra {A,dA) is the subalgebra gen- 
erated by the degree 1 part in A4{A). Then a space X is 1-formal if M.i{£{X),d) is quasi- 
isomorphic to A4i{H*{X),0). This condition can be restated in terms of the fundamental group 
as follows. A finitely presented group G is 1-formal if its Malcev completion is filtered isomorphic 
to its holonomy Lie algebra, completed with respect to bracket length. Fundamental groups of 
complements to algebraic plane curves are known to be 1-fornial, (see [16j and [24j). 

7. Examples 

7.1. Weak combinatorics does not determine classical combinatorics. Let £q :— {x — 

0}, £i := {y = 0}, and £2 := {z = 0} be three lines in general position and consider: 
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(1) Ci :— {{x — y)^ — (x + y)z = 0} a conic tangent to £2 at (1, 1, 0) and passing through 

(2) C, 



(1) 



(3) C?) 



■.^ {x — y + z = 0} the hne passing through £q D Ci and £2 H Ci, and 
:— {3x — y + z = 0} the hne tangent to Ci at £q CiCi. 

The Cremona transformation based on£oi ^1, and £2 transforms C'-'"-' :— CiUQ intoC'*^', a union 
of a cuspidal cubic Ci and a conic Q • Note that C^'^-' has three singular points {Pi,P2,P3}, 



where A, 

^2,2 



= {'5^^'^^' }. 'PcC'KpM) = Ci, (f>cW^p^{S,'') 



2,fc\ _ ^(fc) 



(^h-Jf^) 



C(i),Pi 



= i, and 



C<'=),Pi 

((5j^,<5j' )c(2),P; = o'(2,3)(*) (where cr(2,3)(*) represents the permutation (2,3) applied to i). Fig- 
ure [3] represents the singular points of C^'^-', the local branches at those points (solid line for Ci 
and broken line for Cj ), and the multiplicity of intersection in brackets. Note that the bijection 
'/'Sing that permutes P2 and P3 induces an equivalence between Wc(i) and Wq{2) {(pr d, and tpp. 
are forced by their compatibility with the degrees and with (/^sing)- The combinatorial types 
K{C'^^^) and K{C'^^^) cannot be equivalent since the sets of topological types do not coincide, 
that is, S*.°P ^ S'7 



■^cti 



c(2)- 





Figure 3. Singularities of C^^^ and C^^^ respectively. 



7.2. The complexes {H* (Sq) , Aoj) and (A^,Aaj). An easy example to exhibit the difference 
between {H* (Sc) , Au) and (A|^, Aw) can be given as follows. Consider the nodal cubic by the 



zeroes of the polynomial C2 



zy 



x'^{x — z), a smooth cubic intersecting C2 at an inflexion 



point P with multiplicity 9, say C3 :— zy^ — a;^(a; — z) + z'^, and the tangent line at P given 
by Ci := z. Note that C := Ci U C2 U C3 has two singular points P := [0 : 1 : 0] and Q :== [0 : 
0:1]. Therefore its weak combinatorial type Wc — (W^, rf, 5) can be described as r := {1,2,3}, 
S := {F,Q}, Ap := {(5p,i, <5p,2, <5r3}, Aq := {SqJ'q}, <pp{Sp,^) := i, Mh) = M^'q) = 2, and 
(<5p,i,^p,i)p = 3, ((5p^2,<5p,3)p = 9, {5q^i,5'q ^)q — 1. The hst of degrees is d :— (1,3,3) and the 
list of genera is gc ■= (0, 0, 1) and hence H*{Sc) can be described as follows: 



H\Sc) 


:= (cri,0'2,0'3)c , 


HHSc) 


/ , 1.2 ,2.3 ,3.1 , 1.1' 
:= [ipp , Vp ,Vp ,Vq 


fJi A (72 = 


= 3^1,'^-^^l-V^^ 


fJl A (T3 : 


= -3^^^-^^l-V^^ 


C2 A (T3 : 


= 9ij'/ + 3^^i + 3ij^J 



,2,3 



v^^\ v^^^ v^^\ v^^^ Ci, Ci : rp' + rp- + ^' 



^roo' - St 



3,2 

00 • 



3,1 



0)c 
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On the other hand At^ can be described simply as foUows: 



^W ■= (o'lif2,0'3)([ 



01 A (72 

cTi A 0-3 

02 A 0-3 



/ , i,z rz,i ,j,i ,1,2 . ,2.3 I ,3,1 
[Vp , Vp , Vp ■ Vp +Vp + Vp 



,1,2 ,2,3 
/ 1,2 



0)c, 



3ij 



p ' 



o ,3,1 

-^Vp , 



QV' 



2,3 



Note that in A^ we have ehminated the forms coming from self intersections (ipA ) , intersections 
at infinity (V'^*) and genus of the components (^i and ^i). 

Also note that TZi{C) := {lu = (Ai,A2,A3) | Ai + 3A2 + SAa = 0}, that is TZi{C) := {(-3(i + 
s),t, s)}, which corresponds to the fact that (3Ci,C2,C3) form a pencil of cubics. 

7.3. Coordinate components of TZi{C). Consider a nodal cubic C3 and a smooth conic C2 
passing through its node P and intersecting C3 at another point Q with multiplicity 4. Consider 
the line Ci joining Q and an inflexion point R of C3, C4 joining P and Q, C5 joining R and P, 
and Cg the tangent line to C3 at R. Define {S} :— C4 D Cq, and {Ti,T2} := C2 n Cq. Consider 
C := Ci U ■ • • U Cg. The following is a description of A^ using a basis as in Remark [ 



(22) 





^Iv ■= (o'l,---,cr6)c, 






Ai.:={^'/,i.r\i^p\^r,i^h"'^ 


1,3 ,1,4 ,1,3 ,1,5 ,1,6 ,4,6 ,2,6 ,2,6\ 
Q ' ^Q ' V'p , ^p , ^p , ^s ' V't; ' V'tL )c , 


0-1,2 


- 2^g'^ 


^1,3 = 2^-^^ V Vp^ 


01,fc 


= V*''', ^ = 4, 5, 6, where * = Ci n Cfc, 


02,3 = 4^-^'^ - 4^-^^' + ^P^/ + i^y\ 


02,4 


,1,4 ,1,2 , ,2.4 


02.5 = 2V4'^ 


02,6 


,2,6 , ,2,6 


,1.4 ,1,3 , r, ,2,4 ,2,3 ,2,3' 
03,4 ^Vq - Vq + ^Vp - Vp - V'p , 


03,5 


,1,5 ,1,3 , r, ,2,5 ,2,3 ,2,3' 


03,6 = Sf/Jp® - SV-p^, 


04,5 


,2,5 ,2,4 

= Vp - Vp , 


,4,6 
04,6 = -05 ' 


05,6 


,1,6 ,1,5 

= V^p - V'p , 





where aij denotes Ci A Cj. The following matrix represents the map A\^-^A^ with respect to 



the bases shown in 



and uj = (^1,^2,^3,^4,^5): 



M^:= 






*3 





*3 





ti 





2*5 


2t2 - 


4*3 - 2* 


2*3 


4*3 


*4 


*4 


*3 





*5 





*6 














*6 





*6 



— *2 — *5 — *4 

— *2 — *5 — *4 

2*4 

2*5 

4*2 

-2*1 - 4*2 - *4 

*4 
— 3*6 — *1 — *5 
*5 
3*6 






*3 




*3 







*3 




*3 







- *2 - *5 




*4 







*5 


-2*2 


-*4 - 


-2*3 





*2 












*3 












- *3 - *2 

















*3 




3* 





-*1 


-*3 - 


-*6 


*5 







*6 




-*1 -tr 


t6 









-t 












-t 












-* 



Its resonance variety TZi{C) consists of five linear two-dimensional coordinate components: 

{(2i, s, -t - s, 0, t, s)} U {(-(t + s), 0, t, 2s, -2(t + s), s)} U {(i, s, 0, -2(t + s), t, 0)}U 
U{(-(t + s), t, s, -2(i + s), t, 0)} U {{-{t + s), 0, 0, 0, t, s)}, 

corresponding to the pencils: 

{CiC5,C2C(),C3), {CiCc^jC^Cq^C^), {CiCz,C2,C^), {CiC^, €205,63), and {Ci,C5,Ce). 
The remaining TZi{C), i >2 are trivial. 
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7.4. Explicit computations on the cohomology ring in the non-rational case. We will 
present a simple example of a non-rational arrangement of curves in order to show how to 
compute the forms described in Sj3l Let C := Cq U Ci U C2 U C3, where Co := {x + y + z = 0}, 
Ci := {y-z^ 0}, C2 := {xy + xz + yz = 0}, and C3 := {x^{y + z) + y'^{x + z) + z'^{x + y) =0}. In 
this case, for simplicity it is more convenient to consider the line at infinity Cq with an equation 
different from {z = 0}. Consider ^ a primitive third root of unity (a root of t"" + t + 1 = 0) and 
denote Cq n Ci - {Poi -[-2:1: 1]}, Co n C2 = {i?i = [-S, - I : S, : l],R2 = [-1 - i ■ ^ ■ 1]}, 
Co n C3 = {Qi = [0 : 1 : -1], Q2 -[-1:0: 1], Q3 -[-1:1: 0]}, Ci n C2 - {Pi, P12 - [1 : -2 : 
-2]}, Ci n C3 = {Pi, Pi3 = [e : 1 : 1], Pi3 - [e : 1 : 1]}, C2 n C3 = {Pi = [1 : : 0], P2 = [0 : 1 : 
0],P3 = [0:0:1]}, 

Since all the local branches of the irreducible components at any singular point are irreducible, 
we will denote by V'p' the 2-form associated with the singular point P and the local branches 
at P of d and Cj. For example, in order to compute ^p = ipp q q q , one needs a section of 
i/"(p2,2:pf(3)). Note that 

({ipeOpl Tp(C2^3)U > ^A,,} = mp if P = Pi, 

{^P')p --^iweOpl Tp{C2,3)\^ > Tl} if P = P2,P3, 

[ Op otherwise, 

where Figure 2] describes the local conditions at the tacnodes Pi. 

0,0 




Figure 4. Description of 7^ , and 7a3 respectively. 

Therefore ipp is the equation of a cubic a{xz + x^ + (1 — S,)xy + yz)z + I3CqC2- In order to 
obtain a normal form one has to require the different residues of V'p at Pi and at an exceptional 
divisor E joining 82 and 5^ to be equal to ±1. It is a simple computation that 

and that 

Since (^Pq^'^ A ^\ = -| and {h,h)p^ = 2, one concludes that 

i/^l = ^{xz + x^ + (1 - i)xy + yz)z + (^ - l)CoC2. 

Analogously one can proceed with ^p^ — ipp q ^ q and ipp^ = (pp_^ c c c obtaining Lpp_^ := 
2x ~ ^y + {1 + £_)z and (f];^ := 2{x^ + xz + 2yz - y^) + CqCi. 

Note that t/J^f C3 + (p^f Ci - (ys^f C2 = and hence V^^f + ^p^ + V'a = ^ (Theorem [XlTi;!®). 
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The following list describes the polynomials ip^p for the generating 2-forms -0^"' — "^''"' 



'^P CoC.Cj ■ 



Vp^ ■= (^ + 2)(za;2 + ^yx'^ + xz'^ + ^y'^x + z'^y + ^zy^), 

:= {i + 2){y'^x + xz"^ + yx^ + zx^ + z'^y + (1 — £,)^^y + S.zy'^), 

■= {£. ~ l)(2/^a; + xz^ + yx^ + zx^ + y^z + {£, + 2)zxy - (1 + O^^v)^ 



2,3 
"Pp. 

2,3 
'PP, 

1,2 

1,2 

^Pl2 

1,3 
1,3 
1,3 

^A3 



2x ~ Cy + (1 + 0-^, 

--{^^im + l)y + z), 
2x^ + xz + xy — z'^ + Ayz — y"^ , 
-- -{i + 2)(xz + xy + z'^ + 2^zy + y^), 
-- (C - \){xz + xy + z'^ - 2{C + l)yz + y^). 

Finally we also describe the polynomials cpj^ for the generating 2-forms V'^'^ '■— 'fil^cTc"- 

^l^- ■.= -i{x + y), 






= 3{x -\- z), 
= -(2^+1). 



One can then easily verify ^T7\ . that is, 
Jac(C2,C3,Co)-2(^^f + 2(^^f 



o 2,3 



2.3 
Ps 






C, 



oo -3 - 2(p: 

2^^« 



and hence 

(72 A fT3 = 2V^Jf + 2^^f + 2V> 

which corresponds to Theorem l3.27r FiEl) . 

The same can be checked for Jac(Ci, C2, Cq) and Jac(Ci, C3, Co). 






References 

1. V. I. Arnold The cohomology ring of the colored braid group, Math. Notes Acad. Sci. USSR 5 (1969), 138—140. 

2. E. Artal, J.I. CogoUudo and H.Tokunaga, A Survey on Zariski Pairs, to appear in Advanced Studies in Pure 
Mathematics 

3. E. Brieskorn, Sur les groupes de tresses, Seminaire Bourbaki, 24eme annee (1971/1972), Exp. No. 401, Lecture 
Notes in Math. 317 (1973), 21-44. 

4. E. Brieskorn and H. Knorrer, Plane algebraic curves, Birkhauser Verlag, Basel, 1986, Translated from the 
German by John Stillwell. 

5. J.I. CogoUudo, Topological invariants of the complement to arrangements of rational plane curves, Mem. 
Amer. Math. Soc. 159 (2002), no. 756. 

6. D.C. Cohen and A.I. Suciu, Characteristic varieties of arrangements. Math. Proc. Cambridge Philos. Soc. 
127 (1999), no. 1, 33-53. 

7. P. Deligne, P. Griffiths, J. Morgan, and D. Sullivan, Real homotopy theory of Kdhler manifolds, Invent. Math. 
29 (1975), no. 3, 245-274. 

8. A. Dimca, Pencils of plane curves and characteristic varieties. Preprint available at math. AG/0606442, 2006. 

9. A. Dimca, S. Papadima, and A.I. Suciu, Formality, Alexander invariants, and a question of Serre, Preprint 
available at math. AT/0512480, 2005. 

10. A.H. Durfcc and R.M. Hain, Mixed Hodge structures on the homotopy of links. Math. Ann. 280 (1988), no. 1, 
69-83. 

11. D. Eisenbud and W. Neumann, Three-dimensional link theory and invariants of plane curve singularities. 
Annals of Mathematics Studies, vol. 110, Princeton University Press, Princeton, NJ, 1985. 

12. M. Falk and S. Yuzvinsky, Multinets, resonance varieties, and pencils of plane curves. Preprint available at 
math. AG/0603166, 2006. 

13. W. Fulton, Algebraic curves. An introduction to algebraic geometry, W. A. Benjamin, Inc., New York- 
Amsterdam, 1969, Notes written with the collaboration of Richard Weiss, Mathematics Lecture Notes Series. 



30 J.I.COGOLLUDO AGUSTIN AND D.MATEI 

14. P.A. Griffiths, Periods of integrals on algebraic manifolds: Summary of main results and discussion of open 
problems, Bull. Amer. Math. Soc. 76 (1970), 228-296. 

15. P. Griffiths and W. Schmid, Recent developments in Hodge theory: a discussion of techniques and results, 
Proc. Int. CoUoq. on Discrete Subgroups and Lie groups (1973), 31—127, Bombay. 

16. T. Kohno, On the holonomy Lie algebra and the nilpotent completion of the fundamental group of the 
complement of hypersurfaces, Nagoya Math. J. 92 (1983), 21—37. 

17. A. Libgober, Alexander invariants of plane algebraic curves. Singularities, Part 2 (Areata, Calif., 1981), Proc. 
Sympos. Pure Math., vol. 40, Amer. Math. Soc, Providence, RI, 1983, pp. 135-143. 

18. , Characteristic varieties of algebraic curves. Applications of algebraic geometry to coding theory, 

physics and computation (Eilat, 2001), Kluwer Acad. Publ., Dordrecht, 2001, pp. 215-254. 

19. A. Libgober and S. Yuzvinsky, Cohomology of the Orlik-Solomon algebras and local systems, Compositio 
Math. 121 (2000), no. 3, 337-361. 

20. F. Looser and M. Vaquic, Le polynome d'Alexander d'une courbe plane projective. Topology 29 (1990), no. 2, 
163-173. 

21. D. Lubicz, Une description de la cohomologie du complement a un diviseur non reductible de P^, Bull. Sci. 
Math. 124 (2000), no. 6, 447-458. 

22. A. Macinic, Cohomology jumping loci and formality properties of nilpotent groups, preprint 2007. 

23. M.A. Marco Buzunariz, Resonance varieties, admissible line combinatorics, and combinatorial pencils. 
Preprint available at arXlv:math. CO/0505435, 2005. 

24. J.W. Morgan, The algebraic topology of smooth algebraic varieties, Inst. Hautes Etudes Sci. Publ. Math. 
(1978), no. 48, 137-204. 

25. C.A. Scott, A proof of N aether's fundamental theorem, Mathematische Annalen 52 (1899), no. 4, 593—597. 

26. D. Sullivan, Infinitesimal computations in topology, Inst. Hautes Etudes Sci. Publ. Math. (1977), no. 47, 
269-331 (1978). 

27. O. Zariski, On the irregularity of cyclic multiple planes, Ann. Math. 32 (1931), 445—489. 

28. , The topological discriminant group of a Riemann surface of genus p, Amer. J. Math. 59 (1937), 

335-358. 

Departamento de Matematicas, IUMA, Universidad de Zaragoza 
E-mail address: jlcogoOunizar.es 

Departamento de Matematicas, Universidad de Zaragoza, Institute of Mathematics "Simion Stoilow" 
OF THE Romanian Academy, P.O.Box 1-764, RO-014700 Bucharest, Romania. 
E-mail address: daniel.mateiaimar.ro 



